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Abstract

In September 2026 OpenAI released a 166-page preprint, Finite time blowup for Navier–
Stokes [1], together with a Lean 4 formalization [2]. For every viscosity ν > 0 it constructs a
smooth, compactly supported force and a velocity field that starts from rest, keeps bounded
kinetic energy, and becomes unbounded at time t = 1. This addresses the forced breakdown
alternatives (C) on R3 and (D) on R3/Z3 of the Clay Millennium Problem [3]. It does not
address the unforced alternatives (A) and (B).

This note explains the construction for a reader who knows basic PDE and fluid mechanics
but has not read the paper. We explain why the problem reduces to a cancellation problem
for the momentum residual. We describe the anisotropic collapsing vortex at the heart
of the flow, and how amplified oscillatory pulses supply exactly the momentum flux that
the vortex lacks. We then show how an infinite correction cycle makes the residual vanish
to every order at the singular point, and how localization, a Borel-type extension and a
uniqueness argument finish the proof. We also describe what the Lean development certifies.
Along the way we give self-contained scale checks and two toy models: plane-wave Reynolds
stress and centrifugal amplification. Every statement is tagged so the reader can see which
claims come from the paper, which we verified by hand, and which are heuristics.

Status of the result (as of 29 October 2026)

• Claimed: Theorem 1.1 of [1], establishing alternatives (C) and (D) in Fefferman’s
statement [3], for every ν > 0.

• Machine-checked (as reported): Lean statements of (C) and (D) are proved in
the repository [2] at commit f9e8bc5b. The Comparator challenge permits only the
axioms propext, Quot.sound and Classical.choice (§9). The author of this note
did not rebuild the project.

• Not yet established: independent peer review. The Justin Sun Prize catalog records
the problem as Solved, with independent review pending. The MathDB page lists the
claim as unverified. The Clay Institute lists the problem as active.

• Not claimed by anyone: alternatives (A) and (B), the unforced global regularity or
breakdown questions. These remain open.

Reading conventions. [Paper] marks a statement taken from [1] and gives its location there.
[Check] marks a short computation we carried out ourselves to confirm a stated scaling. [Heuristic]

∗Independent. Version 1.0. This exposition was prepared with the assistance of an AI system (Claude,
Anthropic); every statement attributed to the source paper was checked against the pinned PDF and repository
cited below. Corrections are welcome.
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marks a simplified model chosen to convey a mechanism; it is not the paper’s argument. [Context]
marks background from the wider literature.
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1 The question and the answer

1.1 The Clay formulation

Fefferman’s official statement [3] concerns the incompressible Navier–Stokes equations in three
dimensions,

∂tu + (u · ∇)u = ν∆u − ∇p + f, ∇ · u = 0, u(x, 0) = u◦(x). (1)

It offers four alternatives, and a proof of any one of them resolves the problem:

(A) global smooth bounded-energy solutions on R3 for all smooth, rapidly decaying, divergence-
free data, with f ≡ 0;

(B) the same on the torus R3/Z3;
(C) breakdown on R3: there exist smooth, rapidly decaying u◦ and f (with |∂α

x ∂m
t f | ≤

CαmK(1 + |x| + t)−K) such that no solution (u, p) is smooth on R3 × [0, ∞) and has
bounded energy supt

∫︁
|u|2 dx < ∞;

(D) breakdown on the torus: the periodic analogue of (C), with forces decaying in time.

Alternatives (C) and (D) allow an external force. This is the opening the construction uses.

1.2 The theorem

Theorem 1 ([Paper] Theorem 1.1). For every ν > 0 there exist a force f ∈ C∞
c (R3 × (0, ∞);R3),

a compact set K ⊂ R3, and smooth velocity and pressure fields u, p on R3 × [0, 1) solving (1)
with u(·, 0) = 0, such that supp u(·, t) ∪ supp p(·, t) ⊂ K for 0 ≤ t < 1 and

sup
0≤t<1

∥u(t)∥L2(R3) < ∞, lim sup
t↑1

∥u(t)∥L∞(R3) = ∞.

Consequently there is no smooth solution on R3 × [0, ∞) with the same force and initial datum
whose kinetic energy is uniformly bounded.

The zero initial datum is trivially smooth, divergence-free and decaying, and a compactly
supported smooth force satisfies every decay bound in (C). So Theorem 1 is an instance of (C).
Rescaling and periodizing give (D) (Corollary 10.6 of [1]; see §8.5).

1.3 What the theorem does not say

• It does not show that unforced smooth flows can blow up, and it does not prove global
regularity. Those are (A) and (B).

• The force is not a “natural” stirring. It is engineered so that it extends smoothly through
the singular time. Its role is explained in §3.

• The singular flow is smooth before t = 1 and has bounded energy and finite total dissipation
(§8.3). So the result says something about smooth solutions, not about weak solutions.

2 Background: why three dimensions are hard

2.1 Scaling and supercriticality

[Context] If (u, p, f) solves (1) with viscosity ν, then uλ(x, t) = λu(λx, λ2t), pλ = λ2p(λx, λ2t)
and fλ = λ3f(λx, λ2t) solve it with the same ν. [Check] The energy transforms as ∥uλ(t)∥2

L2 =
λ2λ−3∥u(λ2t)∥2

L2 = λ−1∥u∥2
L2 . Zooming into small scales (λ → ∞) therefore makes the energy
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bound weaker. This is the precise sense in which the energy identity is supercritical: it cannot
by itself rule out concentration at small scales. Scale-invariant quantities such as ∥u∥L3 or√

T − t ∥u(t)∥L∞ are critical.
A smooth solution can be continued as long as ∥u(t)∥L∞ stays bounded. So (A) and (B)

are equivalent to ruling out finite-time blowup. Leray [6] showed that if blowup happens at
time T for the unforced problem, then ∥u(t)∥L∞ ≳ (ν/(T − t))1/2.

2.2 What was known

[Context] [Paper] (§1.1 of [1]):

• Leray (1934) built global finite-energy weak solutions [6]. Caffarelli–Kohn–Nirenberg
showed that the singular set of a suitable weak solution has zero one-dimensional parabolic
Hausdorff measure [7]. Escauriaza–Seregin–Šverák proved regularity for the unforced
problem under an L∞

t L3
x bound [8].

• Nečas–Růžička–Šverák and Tsai ruled out Leray’s backward self-similar blowup ansatz
u = (T − t)−1/2U(x/

√
T − t) in natural classes [9, 10]. So any unforced blowup must be

more complicated than exact self-similarity.
• Tao (2016) proved blowup for an averaged Navier–Stokes equation that keeps the energy

cancellation of the nonlinearity [11]. This showed that energy methods alone cannot settle
the problem.

• Buckmaster–Vicol and Albritton–Brué–Colombo proved non-uniqueness of weak and Leray–
Hopf solutions, the latter with a force [12, 13]. Córdoba–Martínez-Zoroa constructed
forced singularities for 3D Euler, and Córdoba–Martínez-Zoroa–Zheng extended this to
hypodissipative Navier–Stokes [14, 15]. These constructions use successive amplification
across scales.

The new construction follows the forced-amplification line, but at full viscosity, with a smooth
force and with true (not averaged) nonlinearity. In the words of the paper, “oscillatory pulses
generate a mean momentum flux that supplies the missing force on a collapsing background
vortex” (§1.1).

3 The reformulation: choose the flow, read off the force
For any smooth divergence-free u and any smooth p, define the momentum residual

R(u, p) := ∂tu + (u · ∇)u − ν∆u + ∇p. (2)

Then (u, p) solves (1) with force f := R(u, p), by definition. Every flow is a forced Navier–Stokes
flow.

The real problem

Find (u, p), smooth for t < 1, with ∥u(t)∥L∞ → ∞ as t ↑ 1, such that R(u, p) and all its
space-time derivatives extend continuously through t = 1. The force must then extend to
a smooth, compactly supported function on R3 × (0, ∞).

Each term of (2) blows up separately near the singular point, so their sum has to cancel to
infinite order. The paper states this as a flatness estimate [Paper] (eq. (3.4), Theorem 3.1(iii)):

|∂α
x ∂b

t R(u, p)| ≤ Cα,b,N,X1 qN for all α, b, N, (3)

where q → 0 is a concentration scale that measures distance to the singular point (§4). All the
difficulty of the paper lies in achieving (3).
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Remark 1 (Why a naive vortex fails). [Heuristic] Take a smooth vortex profile and collapse
it self-similarly. The residual is then the profile’s failure to solve the self-similar equations,
multiplied by a negative power of T − t. Unless the profile solves those equations exactly, the
force blows up. The obstructions in [9, 10] block exact self-similar solutions in natural classes.
The paper avoids them in two ways: it uses two different contraction rates (§4), and it does
not ask the vortex to balance its own momentum. Instead, a second, oscillatory component
supplies the missing momentum flux (§6).

4 The geometry of the collapsing vortex

4.1 The physical picture

[Paper] (§2.1 of [1]) Use cylindrical coordinates (r, θ, z) about the vertical axis and write τ = 1− t.
The leading flow u(0) is axisymmetric. In the central core, fluid spirals inward toward the axis
and flows out axially, up and down on opposite sides of a dividing layer near z = 0. Pressure
decreases toward the axis and supplies the centripetal force.

Spin-up has a simple cause. Without torque, angular momentum per unit mass ruθ

is conserved, so fluid carried inward rotates faster. Viscosity carries angular momentum
back outward, and the characteristic speed grows as the balance between these two effects.
Incompressibility forces the incoming fluid to leave along the axis, and this keeps the inflow
going.

r

z

core annulus heat exterior

purely azimuthal,
uθ solves radial
heat equation

ℓr ≍ τ1/2

ℓz ≍ τ1/2−h

Figure 1: Schematic radial–axial section at a fixed time (not to scale; after Figures 1–3 of [1]).
Black arrows show radial inflow and red arrows axial outflow; the swirl uθ points out of the
page. The pulses live in the annulus. Both lengths shrink, and the radius shrinks faster than
the height.

4.2 Scales

[Paper] (§2.1, §3.1) Fix 0 < h < 1/100 and set A = 1
2 + h, D = 1

2 − h. Then

ℓr ≍ τ1/2, ℓz ≍ τ1/2−h, |u(0)
θ |, |u(0)

z | ≍ τ−1/2−h, |u(0)
r | = O(τ−1/2). (4)

The core is an increasingly slender column (ℓr/ℓz ≍ τh → 0). The swirl vanishes on the axis, and
along a fixed similarity radius it grows like τ−A: Theorem 3.1(iv) gives uθ(

√
2Xinτ , 0, 0, 1 − τ) =

τ−A(e0 + O(τ2h)) with e0 > 0.
Worked example ([Check] energy and dissipation). The kinetic energy is τ3/2−h · (τ−1/2−h)2 =
τ1/2−3h. The radial derivative scale is τ−1/2−h/τ1/2 = τ−1−h, so the dissipation is τ3/2−h ·
τ−2−2h = τ−1/2−3h. This is integrable on (0, τ0) exactly when 1

2 + 3h < 1, that is h < 1/6. Both
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Quantity Scale Consequence

Core volume ℓ2
rℓz τ3/2−h shrinks to the origin

Kinetic energy ℓ2
rℓz|u|2 τ1/2−3h → 0 energy stays bounded

Dissipation rate ℓ2
rℓz|∂ru|2 τ−1/2−3h integrable in time iff h < 1/6

Swirl Reynolds number |uθ|ℓr/ν τ−h → ∞ many turns per diffusion time
Radial Reynolds number |ur|ℓr/ν O(1) viscosity competes with inflow
Axial/radial diffusion ℓ2

r/ℓ2
z τ2h → 0 small parameter for corrections√

τ ∥u∥L∞ τ−h → ∞ faster than the self-similar rate
∥u∥3

L3(core) τ−4h → ∞ critical norm diverges (slowly)

Table 1: Scales of the leading core flow. The first six rows are stated in [1] (§2.1, §3.5). [Check]
We recomputed all rows from (4); the last two are our own consequences of (4).

match §3.5 of [1]. The blowup is invisible to the energy, but very visible to the critical quantity√
τ ∥u∥∞ ≍ τ−h. This is consistent with the lower bound of [6].

4.3 Why the axial profile is tilted

[Paper] (§2.1) The core must also create enough shear at its edge to amplify the pulses of §6.
Away from the mid-plane, axial flow brings in angular momentum from faster-rotating layers,
which makes the angular velocity drop steeply with radius. With exact up–down symmetry
this effect would vanish at z = 0, and so would uz(r, 0, t). The authors therefore tilt the axial
profile slightly upward, so that the radial shear of uz supplies amplification near the mid-plane
where the rotational mechanism is weak.

4.4 Similarity coordinates

[Paper] (§3.1, eq. (3.2)) The two contraction rates are resolved by coordinates (X, η, q) with

τ = q(1 − η2), z = qDη, X = r2

2q
, −1 < η < 1.

The leading fields are then given by profiles E, U, Π and a stream-function-type quantity V0:

u
(0)
θ = q−AE(X, η), u(0)

z = q−AU(X, η), ru(0)
r = V0, p(0) = q−2AΠ,

Π(X, η) = −
∫︂ ∞

X

E(x, η)2

2x
dx.

Here q ≍ τ + |z|1/D, so q → 0 means approaching the singular point (x, t) = (0, 1). The
endpoints η = ±1 describe t = 1 away from it. [Check] At η = 0 we have q = τ , and X ≍ 1
means r ≍ τ1/2 while |η| ≤ ηc means |z| ≲ τ1/2−h. This recovers (4).

4.5 The exterior

[Paper] (§2.3, Theorem 3.1(iii)) Far out (X ≥ Xext) the flow is purely azimuthal and height-
independent: u = K(r, τ)eθ with K = r−1−2hHext(τ/r2), solving the swirl heat equation
−∂τ K = ∂2

r K + r−1∂rK − r−2K. Its momentum residual vanishes identically. At each fixed
r > 0 the fields have smooth limits as τ → 0. This is what later allows a spatial cutoff whose
force stays smooth through t = 1.
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5 The missing force is a stress in an annulus
The inner core solves its leading momentum balance, and so does the heat exterior. The problem
is the joining region, the annulus Xa < X < Xb. There the background leaves a residual that
blows up as t ↑ 1 (§2.2).

Writing the residual as a divergence. [Paper] (§3.2) Let R
(0)
θ , R

(0)
z be the tangential

momentum residuals of the leading field. The paper writes them as cylindrical divergences of a
stress T = (Trθ, Trz):

R
(0)
θ = −(∂r + 2/r)Trθ, R(0)

z = −(∂r + 1/r)Trz,

Trθ(r) = − 1
r2

∫︂ r

0
s2R

(0)
θ (s) ds, Trz(r) = −1

r

∫︂ r

0
sR(0)

z (s) ds.

For T to vanish outside the annulus, the residual must vanish in the core and in the exterior,
and two moment identities must hold:∫︂ ∞

0
r2R

(0)
θ dr = 0,

∫︂ ∞

0
rR(0)

z dr = 0.

[Heuristic] Physically, the annulus does not need a net injection of angular or axial momentum.
It needs momentum to be moved radially, and a radial flux of momentum is exactly what a
stress describes. Section 6 shows that a velocity field can supply such a stress through its own
nonlinearity.

Matching five radial integrals. [Paper] (§3.2, Lemma 4.4) The pressure and the radial
velocity depend on cumulative radial integrals. Joining an inner solution to a prescribed exterior
requires matching five radial integrals (eq. (4.15)). These govern the pressure, the radial velocity
and the stress. Matching them is the content of Appendices A and B (axis problem solved
analytically in Proposition B.2, joining in Corollary B.10, moment correction in Proposition B.8).

The admissible stress cone. Section 6 explains that pulses can only produce stresses in an
open cone {c1v1 + c2v2 : c1, c2 > 0}, where the directions v1, v2 are set by the local background.
The profile must therefore be chosen so that T lies inside this cone at every point of the annulus.
This is the admissible stress cone condition (Lemma 4.5).

A logarithmic oscillation. [Paper] (§3.2 step 4, Proposition C.2) To enforce the cone
condition, the authors add to the profile a radial oscillation with phase N log X and amplitude
O(N−1), with N a large integer. Applying X∂X to it gives an order-one change in the radial
shear, while profile values and radial moments change only by O(N−1). The shear then traces
a periodic curve that satisfies the cone condition, and a separate localized correction restores
the five integrals exactly (Proposition C.3).

[Heuristic] This is a standard trick: a small, rapidly oscillating perturbation controls derivatives
without disturbing the function. Here it steers the shear, which determines the cone, while
leaving the values that determine the matching conditions almost unchanged.

6 Pulses: making the fluid supply its own force

6.1 The algebraic identity

[Paper] (§3.3) For a divergence-free increment w with pressure increment π,

R(uB + w, pB + π) = R(uB, pB) + LuB (w, π) + ∇ · (w ⊗ w), (5)
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where LuB (w, π) = ∂tw + (uB · ∇)w + (w · ∇)uB − ∆w + ∇π (at ν = 1). The quadratic term
∇ · (w ⊗ w) is a Reynolds stress. If w is oscillatory, its average can be prescribed and used to
cancel R(uB, pB).

6.2 Toy model 1: the stress of a plane wave

[Heuristic] Take w(x) = a cos(ξ · x + φ) with a · ξ = 0, as in the schematic local form of §3.3.
Then:

• ∇ · w = −(a · ξ) sin(·) = 0, so the wave is exactly incompressible;
• (w · ∇)w = −(a · ξ) a cos(·) sin(·) = 0, so a single wave does not interact with itself. This

is the cancellation used by Craik–Criminale [16];
• averaged over a period, ⟨w ⊗ w⟩ = 1

2 a ⊗ a.

So a single wave of constant amplitude produces a constant mean stress with no divergence. A
useful force appears only when the amplitude varies slowly in space. Then ∇·⟨w⊗w⟩ ≈ 1

2∇·(a⊗a)
is a smooth, prescribable vector field. The paper’s waves are exactly of this type: slowly
modulated, with a short wavelength.

In cylindrical components the relevant entries are the radial fluxes of azimuthal and axial
momentum, ⟨wrwθ⟩ = 1

2araθ and ⟨wrwz⟩ = 1
2araz. One family of waves with fixed polarization

contributes a fixed direction v ∝ (araθ, araz), weighted by its squared, hence positive, amplitude.
Two families with linearly independent directions v1, v2 can produce exactly the stresses c1v1 +
c2v2 with c1, c2 > 0 (Figure 2). This is why the cone condition of §5 is needed ([Paper] Figure 4,
Proposition 7.5).

v1

v2 T = c1v1 + c2v2

0

c1, c2 > 0

Figure 2: The target stress must lie strictly inside the cone spanned by the two covariance
directions (after Figure 4 of [1]). Strict interiority makes the representation stable under small
perturbations of v1, v2.

6.3 Sizes

[Paper] (§3.3) In the annulus the pulse amplitude and wavelength are

Awave ≍ q−1/2−h/2, ℓwave ≍ q1/2+h/2,
Awave

q−1/2−h
≍ ℓwave

q1/2 ≍ qh/2.

[Check] The averaged stress divergence is A2
wave/ℓr ≍ q−1−h/q1/2 = q−3/2−h. This equals the

size of ∂tuθ ≍ uθ/τ ≍ q−1/2−h/q, so the pulses are exactly strong enough to enter the leading
tangential balance. The pulses are also weaker than the background by the factor qh/2, and
their wavelength is shorter than the core radius by the same factor. This scale separation is
what makes averaging accurate.
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6.4 Toy model 2: where the pulses get their energy

[Paper] (§2.2, §3.3) For the linearized dynamics LuB (w, π) = 0,
d
dt

1
2

∫︂
|w|2 = −

∑︂
i,j

∫︂
wiwj ∂j(uB)i −

∫︂
|∇w|2.

The first term exchanges energy with the background shear; the second dissipates it.
[Heuristic] A simplified model explains the centrifugal part of the amplification. Take a rotating

background uθ = V (r) and a short-wavelength axisymmetric disturbance with wavevector
k = (kr, 0, kz), ignoring viscosity for the moment. The linearized radial and azimuthal equations,
after the pressure projection, reduce to

ẅr = − k2
z

|k|2
κ2 wr, κ2 := 2V

r

(︂
V ′ + V

r

)︂
= 1

r3
d
dr

(︁
rV

)︁2
.

When the angular momentum |rV | decreases outward, κ2 < 0 and the disturbance grows
exponentially. This is Rayleigh’s criterion [17]. In words: a parcel with surplus swirl is flung
outward, and it lands among slower-turning fluid, which increases its relative surplus. This is
the mechanism described in §2.2 of [1]. The core is designed (§4) so that the angular velocity
drops steeply across the annulus. Generalized criteria for non-axisymmetric disturbances and
swirling jets are due to Leibovich–Stewartson and Billant–Gallaire [18, 19, 20], and the paper
cites these as precedents.

Growth, then decay. [Paper] (§2.2, §3.3, Lemma 7.4) The pulses have nonzero angular
frequency, so differential rotation tilts their phase fronts and the radial wavenumber |kr| grows.
Two effects follow. The geometric factor k2

z/|k|2 shrinks, which weakens amplification, and the
viscous damping rate ν|k|2 grows. With a suitable initial wavelength, amplification wins first
and damping wins later. Each pulse therefore rises and falls inside a finite time window with
exponentially small tails ([Paper] Figure 3(b), envelope P (v) in eq. (7.12)). The tails are cut off,
and the cutoff errors vanish to every order at the singularity. An exponentially small external
force seeds each pulse (§2.2).

6.5 Keeping pulses from interfering

[Paper] (§3.3, §6, Lemma 6.1) Pulses are placed on successively finer spatial and temporal scales
as t ↑ 1, in dyadic bands q ≍ 2−ℓ. To keep distinct pulses whose slow supports overlap from
interacting, each wave is built as a function of an auxiliary variable Y ∈ T2, and distinct labels
receive disjoint supports in Y . The physical field is obtained by evaluating at a fixed phase
map Y = Y (r, t). Products of distinct pulses then vanish pointwise. Velocities are produced as
curls of vector potentials, w = ∇ × Awave, so they are exactly divergence-free, and all chain-rule
terms from Y (r, t) are kept.

7 Correcting to infinite order
After the pulses cancel the leading stress, (5) leaves several kinds of error: linear terms LuB (w, π),
angular harmonics of w ⊗ w, Y -dependent means, curl and cutoff errors, and defects in the
radial integrals.

Background corrections. [Paper] (§5, Proposition 5.5) Before the pulses are added, the
axisymmetric background is itself corrected in powers q2nh, n = 1, 2, . . . , using axial diffusion
(ℓ2

r/ℓ2
z = q2h) as the small parameter. The result is a smooth background (uB, pB) with

R(uB, pB) = −(∂r + 2/r)Tphys,θ eθ − (∂r + 1/r)Tphys,z ez + EB,
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where Tphys is supported in the annulus with leading term T , and EB is flat: it is O(qN ) with
all derivatives, for every N .

The correction cycle. [Paper] (§3.4, Proposition 9.6) At stage j one adds a divergence-free
δuj and a pressure δpj , which changes the residual by Lu[j](δuj , δpj) + ∇ · (δuj ⊗ δuj). Each
cycle performs four operations:

1. solve inhomogeneous wave-amplitude equations for the nonzero angular modes (Proposi-
tion 9.1, Lemma 9.2);

2. add signed amplitude increments whose cross-covariance with the leading pulses corrects
the averaged stress (Proposition 7.6);

3. correct the angular mean with zero Y -average by inverting a fast auxiliary-time derivative
(eq. (8.20));

4. solve five radial moment equations, keeping all corrections compactly supported (eq. (8.25)).

After every operation the pressure is reconstructed and the full residual is recomputed, so new
error terms are fed into the next stage.

Bookkeeping. [Paper] (eqs. (9.8), (9.18)) For derivatives of order m the stage-j residual is
bounded by qhσj−Km (up to logarithms), with Km independent of j and

σ0 = 1
5 , σj+1 = σj + 1

10 , σj → ∞.

Each cycle gains a fixed power qh/10.

Summation. [Paper] (§3.4, Proposition 9.9) The infinitely many corrections are summed with
cutoffs that equal one near q = 0 and have shrinking supports. The cutoffs are applied to
vector potentials and pressures before taking curls, which preserves incompressibility. This is a
Borel-type summation. The derivative loss Km does not depend on the stage, so the cutoffs can
be chosen to make every differentiated tail flat. The sum is locally finite for q > 0. It defines
smooth (uloc, ploc) for t < 1 that satisfy the flatness estimate (3) and keep the leading velocity
growth.

Concentrating ax-
isymmetric vortex
Thm. 4.6, App. A–C

Residual = annular
stress + flat error

Prop. 5.5

Two amplified pulse
families supply T

Lemma 7.4,
Prop. 7.5, Lemma 7.7

Correction cycle:
σj+1 = σj + 1

10
Props. 9.5–9.6

Sum with shrinking
cutoffs: flat residual

Prop. 9.9, eq. (3.4)

Localize, extend
force, uniqueness

Prop. 10.1, Lemmas 10.3–10.5

repeat

Figure 3: Architecture of the proof (compare Figures 5–6 of [1]).
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8 Finishing: localization, the force, energy and uniqueness

8.1 Localization

[Paper] (§3.5, Proposition 10.1) The local field is written as uloc = curl A + Beθ (Theorem 3.1(i)).
One multiplies A, B and ploc by c = χxχt, where χx is compactly supported and axisymmetric,
χt vanishes for small t, and both equal one near (0, 1). One then takes the curl after multiplying:

u = curl(cA) + cBeθ = c uloc + ∇c × A.

This field is exactly divergence-free, has fixed compact support, and agrees with the local field
near the singular point. The extra force created by the cutoff lives where c varies. Near t = 1
that is away from the origin, where the heat exterior and Theorem 3.1(ii) give smooth limits.

8.2 Extending the force past the singular time

[Paper] (Lemmas 10.2–10.3) Every derivative of f = R(u, p) has a limit as t ↑ 1, uniformly in x.
A Borel-lemma construction,

f(x, 1 + σ) =
∑︂
j≥0

χ0(bjσ)σj

j! Fj(x),

with Fj the limiting j-th time derivatives and integers bj growing fast enough, extends f
smoothly to t > 1 with support in K × [0, 2]. [Heuristic] After t = 1 no smooth solution exists.
The extension is needed only because (C) asks for a force defined for all t ≥ 0.

8.3 Energy

[Paper] (Lemma 10.4) With F (t) =
∫︁ t

0 ∥f(s)∥L2 ds,

∥u(t)∥2
L2 + 2

∫︂ t

0
∥∇u(s)∥2

L2 ds ≤ F (t)2, 0 ≤ t < 1.

[Check] Pairing (1) with u (with compact support, the transport and pressure terms integrate
to zero) gives 1

2
d
dt∥u∥2 + ∥∇u∥2 = ⟨f, u⟩ ≤ ∥f∥∥u∥. Hence d

dt∥u∥ ≤ ∥f∥ and ∥u(t)∥ ≤ F (t).
Integrating once more gives the stated bound. Since f is compactly supported and smooth,
F (1) < ∞.

8.4 Why no global solution exists

[Paper] (Lemma 10.5) Fix T < 1. Any smooth solution (v, P ) on [0, T ] with the same force,
zero data and v ∈ L∞

t L2
x equals u. The proof compares w = v − u on expanding balls. The

delicate point is the pressure, because no growth condition is imposed on P . The pressure
gradient is recovered from the equation as ∇π∗ with π∗ = ∑︁

i,j RiRjgij (Riesz transforms), and
the boundary pressure flux is then absorbed by the dissipation. A hypothetical global smooth
bounded-energy solution would agree with u on every [0, T ], so it would be unbounded near
(0, 1). This contradiction proves Theorem 1.

8.5 Viscosity and the torus

[Paper] (§3, Corollary 10.6) [Check] If (u, p, f) works at ν = 1, then uν(x, t) =
√

ν u(x/
√

ν, t),
pν = νp(x/

√
ν, t), fν =

√
νf(x/

√
ν, t) works at viscosity ν, with the same singular time. Indeed

every term of the equation picks up the same factor
√

ν. For the torus, one shrinks the compact
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solution with ũ(x, t) = λu(λx, λ2(t − t0)) (t0 = 1 − λ−2) until it fits inside one periodic cell,
then periodizes:

U(x, t) =
∑︂

k∈Z3

ũ(x + k, t).

Distinct translates have disjoint supports, so the nonlinearity does not mix them and U solves
the periodic equations exactly. Uniqueness on the torus is a direct Gronwall argument. This
gives alternative (D).

9 What the Lean formalization certifies
[Paper] (Repository [2], commit f9e8bc5b38b6e212696e8a30e3e91517af887bbd) The repository
uses Lean v4.34.0-rc2 with Mathlib. Its NavierStokes/ directory contains 817 Lean files,
about 22.8 MB of source; we counted these from the Git tree at that commit.

The statement. The target statements are in ComparatorChallenges/NavierStokes.lean.
This file is a standalone adaptation of Google DeepMind’s Formal Conjectures formalization of
Fefferman’s problem [4], and it imports only Mathlib. It defines:

• InitialVelocityConditionDecay: u◦ is smooth, divergence-free, and ∥Dmu◦(x)∥ ≤
C/(1 + ∥x∥)K for all m, K;

• ForceConditionDecay: f is smooth on R3 × [0, ∞) and ∥Dm
x,tf∥ ≤ C/(1 + ∥x∥ + t)K ;

• NavierStokesExistenceAndSmoothnessRn: the PDE holds for all x and t ≥ 0, with
the time derivative taken within [0, ∞); plus incompressibility, the initial condition, C∞

velocity and pressure on R3 × [0, ∞), v(·, t) ∈ L2, and a uniform energy bound;
• periodic analogues, which require periodic velocity and pressure (following the Clay

errata).
The two theorems are

navier_stokes_breakdown_R3 (nu) (hnu : nu > 0) :
∃ u0 f, InitialVelocityConditionDecay u0 ∧ ForceConditionDecay f ∧

¬ ∃ v p, NavierStokesExistenceAndSmoothnessRn nu u0 f v p

and its periodic counterpart navier_stokes_breakdown_periodic. In the challenge file both
are stated with sorry; the repository supplies the proofs.

The check. The Comparator configuration (ComparatorChallenges/NavierStokes.json)
names the solution module NavierStokes.ComparatorSolution, enables the independent
nanoda kernel, and permits only propext, Quot.sound and Classical.choice. Comparator [5]
checks that the proved theorems have exactly the challenge statements and that nothing
beyond those axioms is used. The bridge files NavierStokes/ComparatorR3Theorem.lean and
ComparatorTheorem.lean derive these statements from the formal versions of Theorem 1.1 and
Corollary 10.6, including the decay bounds for the rescaled force and the zero initial datum.

What this note did and did not verify

We read the statements, the bridge files and the Comparator configuration at the pinned
commit. We did not build the project, replay the kernel check or run Comparator.
The Justin Sun Prize catalog entry for JSP-000005 likewise notes that independent
review remains pending. Formal verification certifies that the stated theorem follows
from Mathlib’s foundations. Whether the Lean statement faithfully encodes Fefferman’s
problem is a separate, human question. The definitions above are short enough for a
reader to check that they match the Clay text.
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10 Assessment and open directions
• What is new. The flow is honestly viscous: radial diffusion stays in the leading

balance throughout. The force is C∞ and compactly supported in space and time. The
cancellation that makes the force smooth is carried out to infinite order. Earlier forced
constructions either worked for Euler or hypodissipative models, or used forces of limited
regularity [14, 15, 13].

• The role of the force. The force is not a perturbation: it is the residual of a designed
flow, and it is large in the cutoff region. The result shows that the class of smooth forces
allowed by (C) is rich enough to drive singularities. It says nothing direct about unforced
fluids.

• Toward (A)/(B). An unforced blowup would require a vortex that sustains its own
annular momentum flux, with no external seeding of the pulses and no residual to absorb.
Whether self-generated instabilities around a collapsing anisotropic vortex could do this
is, as far as we know, entirely open. Tao’s averaged-equation result [11] remains the main
evidence that energy methods alone cannot settle the question.

• Verification. The decisive next steps are independent mathematical review of the 166
pages, an independent build and Comparator run of the Lean development, and human
review of the formal statement against [3].

A A reading map of the paper

§ Pages Content and key results
1–2 1–6 Theorem 1.1; history; physical description (core, annulus and pulses, exterior).
3 6–24 Full proof outline; Theorem 3.1 (local construction with flat residual); notation and

averaging conventions; Figures 5–6.
4 24–44 Leading profiles in similarity variables; stress from radial integration (Proposition 4.2);

five radial integrals and joining (Lemma 4.4); admissible stress cone (Lemma 4.5);
Theorem 4.6.

5 45–61 Background corrections in powers q2nh; flat remainder; Proposition 5.5.
6 62–72 Auxiliary torus Y ∈ T2, dyadic bands, separation of oscillatory supports (Lemma 6.1).
7 73–87 Phases, amplitude equations and growth/decay envelope (Lemmas 7.1, 7.4); stress

realization (Propositions 7.5–7.6); curl corrections (Lemma 7.7, Corollary 7.8).
8 88–99 Compactly supported mean corrections; inverting the fast auxiliary derivative; radial

moment equations.
9 100–115 Residual improvement cycle (Propositions 9.5–9.6), summation (Proposition 9.9).
10 116–125 Localization (Proposition 10.1); force extension (Lemma 10.3); energy (Lemma 10.4);

uniqueness (Lemma 10.5); torus (Corollary 10.6).
A 126–143 Radial moments and the exact heat exterior (Lemma A.6, Proposition A.7).
B 144–156 Analytic profiles near the axis (Proposition B.2) and their continuation.
C 157–164 Realizing the admissible stress cone (Propositions C.2–C.3).

Suggested route for a first reading: §2, then §3.1–3.5 with Figures 5–6, then Lemma 10.5 and
Corollary 10.6, then §7 for the pulse mechanism.
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B Glossary of notation

τ = 1 − t time to the singularity.
h ∈ (0, 1/100); A = 1

2 + h, D = 1
2 − h anisotropy exponent; velocity and axial-length exponents.

q; (X, η) concentration scale (q ≍ τ + |z|1/D); similarity coordinates,
X = r2/2q, z = qDη.

E, U, Π, V0 azimuthal, axial and pressure profiles; ru
(0)
r .

Xa < X < Xb the pulse annulus; X ≥ Xext: heat exterior.
T = (Trθ, Trz) annular stress: radial fluxes of azimuthal and axial momentum.
v1, v2; c1, c2 covariance directions of the two pulse families; their positive

weights.
R(u, p) momentum residual (2); the force is f = R(u, p).
flat bounded by qN for every N , with all derivatives.
Y ∈ T2; ⟨·⟩ auxiliary oscillation variable; the angular and auxiliary average

(eq. (3.8)).
σj residual decay exponent after j correction cycles.

Originality and attribution
All mathematical results described here are due to the authors of [1] and of the works cited. The
Lean formalization is due to [2], and the formal problem statement is adapted from [4]. This
note contributes only exposition: the organization, the explanations, the scale checks marked
[Check] (Table 1, the energy and viscosity-scaling computations), the two toy models marked
[Heuristic], the reading map and the glossary. Section and equation numbers refer to the PDF
at [1] as downloaded on 29 October 2026.
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